In order to study the influence of pitting on meshing stiffness, the normal distribution function is used to simulate the pitting location of pitting gear, and the potential energy method is used to analyze the influence of pitting on meshing stiffness. At the same time, the meshing stiffness of pitting gears with different degrees is analyzed by finite element method, and the validity of the calculation results with potential energy method is verified. On the basis of meshing stiffness, the dynamic model of gear system is established, and the vibration response of pitting gear system with different degrees is analyzed. The results show that with the increase of pitting area, the meshing stiffness decreases; the closer the meshing area of the driving wheel is to the pitting line, the more the meshing stiffness decreases, resulting in the intensification of vibration response and periodic impact; and in the time history diagram, there is a small spurious frequencies near the meshing frequency; in the phase diagrams and the Poincare diagram, trajectory and discrete point aggregation area is gradually increased.
Introduction
Gear transmission systems are widely used in many industrial application such as automobiles, planes, and wind power generators. In the process of gear meshing, pitting is easy to occur because of friction between tooth surfaces, so pitting fault is the most common form of gear failure. When the pitting occurs on the tooth surface of the gear, the effective contact area is less, which reduces the bearing capacity of the gear transmission system. At the same time, when pitting fault occurs on the surface of gear teeth, the gear teeth will be deformed, the meshing stiffness of the gear will change with the deformation of the gear teeth, and the gear transmission system is more likely to produce vibration in the working process, resulting in vibration and noise problems of the system, affecting the teeth. It has a great significance to study the transmission characteristics of the gear with pitting fault.
At present, many scholars have studied the pitting fault of gears. Zhang et al. [1] used the finite element method to carry out a static analysis of the planetary gear system. The research results play a certain role in the study of gear meshing characteristics. Wang et al. [2] calculate the meshing stiffness of the gear. It has made a foundation for the study of meshing stiffness of gear with pitting defects. Tan et al. [3] used acoustic emission (AE) technology to research pitting fault of spur gears. It was found that the pitting is more likely to occur near the pitting line on the tooth surface of spur gears. This research result has a great significance to the study of pitting location in the meshing stiffness of the pitting gear. Liang et al. [4] calculated the meshing stiffness of pitting gears with different degrees by potential energy method. Compared with the finite element method, the potential energy method is more accurate and reliable. Lei et al. [5] used the normal distribution theory to simulate the pitting location; they also used potential energy method to solve the meshing stiffness and analyzed the influence of pitting on gear meshing stiffness. Because the pitting pit distribution is more random, the research results are more in line with the actual working condition.
Zhang et al. [6] established the mathematical model of the nonlinear translational torsion of spur gears using the Lagrange equation and analyzed the meshing stiffness and vibration characteristics of gears and their transmission system based on gearbox. Shihua et al. [7] established an 8degree-of-freedom nonlinear spur gear rotor bearing model which included backlash, transmission error, eccentricity, gravity, and torque and studied its coupled transverse torsional vibration characteristics. Wu et al. [8] calculated the meshing stiffness of gears with different depth cracks by potential energy method and analyzed the influence of different depth cracks on the vibration response of gears.
In summary, there are many achievements in the research of meshing stiffness of gears. When many scholars study the influence of pitting on meshing stiffness and other characteristics of gears, the distribution of pitting fault is simulated regularly. However, according the actual engineering situation, the distribution of pitting fault is mostly random. In this paper, we use the normal distribution function to simulate the pitting of different degrees of pitting gears. In order to make the results more obvious, the pitting area difference between pitting gears with different degrees simulated in this paper is more, and the total pitting area difference is larger. At present, the research on the vibration mechanism of a fault gear is mostly confined to crack fault, but the pitting fault is more common in engineering practice, so this paper uses the meshing stiffness of pitting gear to analyze the vibration characteristics of the pitting gear system with different degrees of freedom.
Model Formulation for Tooth Pitting and
Meshing Stiffness Calculation 2.1. Meshing Stiffness for Healthy Gears. The potential energy method has been widely used for calculation of meshing stiffness. In this paper, we utilize this method for evaluating the meshing stiffness and simulating the gear tooth as a cantilever beam starting from the root circle, as shown in Figure 1 . Since this study only take the linear elastic deflection into account in the meshing stiffness calculation, the other factors such as the correction of fillet-foundation stiffness [9] , Hertzian contact [10] , and transmission errors [11] are ignored. For a pair of spur gears with contact ratio between the driving gear and the driven gear, according to the potential energy method [8, [12] [13] [14] , the total mesh stiffness k of a pair of spur gears can be expressed as follows:
where k h , k b , k a , and k s are the Hertzian contact, bending, axial compressive, and shear stiffness, respectively, and k f is the stiffness due to the fillet-foundation deflection; subscripts 1 and 2 indicate the driving and driven gear. According to the cantilever beam theory of material mechanics and combined with Figure 1 , the five parts of the stiffness for gear: k h , k b , k a , k s , and k f can be calculated as follows:
where L is the tooth width, E is Young's modulus, G is the shear modulus, I x and A x are the area moment of inertia and area of the section where the distance from the base circle is x, α is the gear pressure angle, F is the force acting at the meshing point, F a and F b are the components of F, the specific direction is shown in Figure 1 . From Equations (3)- (7), the bending stiffness, axial compression stiffness, and shear stiffness can be deduced as follows:
1 According to the mechanism of pitting and the characteristics of gear movement, pitting usually occurs near the pitch line, and the pitting location should be randomly distributed in theory. From the practical experience of production, it can be seen that the pitting location is uniformly distributed along the direction of tooth width and normal distribution along the direction of tooth profile. In this paper, the pitting location of spur gears tooth width is modeled by normal distribution function, and the pitting pit distribution along the tooth profile is described by normal distribution function. The gear parameters are shown in Table 1 . The pitting location on the gear tooth is modeled as a two-dimensional random variable in this study. If we set the coordinates of the pitting pit on the gear teeth as (x i , y i ), the x direction is the profile direction of the gear teeth, and the y direction is the width direction, the following are the relationship between x i and y i .
Besides, for the normal distribution function in Equation (11) , the 3σ criterion is used to describe the distribution areas of pits in this study, which means that in the direction of tooth height, 99.73% of the pits appear in the field of μ − 3σ ≤ x i ≤ μ + 3σ. Therefore, μ and σ can be calculated as follows:
where x p is the coordinate value of the pitch circle in the x direction, x min is determined by the boundary of the meshing area, and δ is the distance between the mean line of normal distribution and the pitch line, as shown in Figure 2 .
In this paper, pitting pits are simulated as spherical pits, and three pitting pit levels are defined: Level 1, Level 2, and Level 3. The radius of Level 1 pits is 0.35mm, while it is 0.45mm in Level 2 and 0.55mm in Levels 3. We simulated three degrees of pitting models. Figure 3 gives the schematic of the three degrees of the pitting gear. The definitions of the three pitting degrees are illustrated below: Degree 1: 20 Level 1 pitting pits are distributed on the surface of the gear teeth, with a normal distribution along the tooth profile direction and a uniform distribution along the tooth width direction. The pitting area accounts for 8.552% of the gear tooth surface area. Degree 2: 20 Level 1 pitting pits and 15 Level 2 pitting pits are distributed on the surface of the gear teeth, with the same distribution as Degree 1. The pitting area accounts for 19.155% of the gear tooth surface area. Degree 3: 20 Level 1 pitting pits, 15 Level 2 pitting pits, and 12 Level 3 pitting pits are distributed on the surface of the gear teeth, with the same distribution as Degree 1. The pitting area accounts for 31.826% of the gear tooth surface area.
Meshing Stiffness for Pitting Gears.
With the pitting occurring on the tooth surface, the effective contact length during meshing is decreased. From Equations (2)- (7) , it can be seen that the contact length during meshing has a large influence on the evaluation of the potential energy as well as the meshing stiffness of gears. So, the Hertzian contact stiffness, axial compression stiffness, bending stiffness, and shear stiffness all change with pitting.
In this paper, we assume that the tooth contact line consists of N pixel points , illustrated as the red line in Figure 2 . For each single pixel points, we use a special color to illustrate whether this point represents healthy and pitting. More concretely, if this pixel point is in the nonpitting area, it is set to be white; if this pixel point is in the pitting area, it is set to be black. Finally, if the number of black pixels is ΔN. The decreased tooth contact line length would be expressed as ΔL = ðΔN/NÞ × L. 3 International Journal of Rotating Machinery Then, the Hertz stiffness, bending stiffness, shear stiffness, and axial compression stiffness for pitting gear can be calculated as follows:
where t i is the depth of pits in the ith level of severity. With the expressions of the mesh stiffness provided above, we can calculate the meshing stiffness under different pitting degree. The meshing stiffness results of healthy and different degrees of pitting gears are illustrated in Figure 4 .
From Figure 4 , it can be seen that the gear rotation angle is between 2.3°and 9.7°, and the meshing stiffness changes obviously. The larger the pitting area is, the more obvious meshing stiffness decrease. The percentage of each stage drop is illustrated in Table 2 . From Figure 4 and Table 2 , it can be seen that the closer the meshing area is to the gear pitch line, the lower the meshing stiffness value is. And the reduction ratio of meshing stiffness in single-tooth-pair meshing duration is more obvious than that in double-tooth-pair meshing duration. Because the pitting pit distribution is normal distribution, there are more pitting pits and larger pitting area in the middle of the gear tooth surface near the pitch line. The meshing near the pitch line is more easily worn, and the pitting fault area is larger than the other parts of the tooth surface; that is the reason why the meshing stiffness value is lower when the meshing area near the pitch line.
Validation of Meshing Stiffness by FEM.
Because of the finite element method has been approved by many scholars, we use this method to valid the meshing stiffness evaluation result; the model built by FEM is shown in Figure 5 . Meanwhile, we simulate the transmission process of this pair of gears in a meshing period and apply T = 60 Nm torque to analyze the meshing stiffness of healthy and pitting gears. The results are illustrated in Figure 6 . Comparing Figure 4 with Figure 6 , it can be seen that the meshing stiffness values of pitting gears with different degrees evaluated by these two methods are basically close to each other. The meshing stiffness calculated by potential energy method is slightly less than FEM, and Figure 4 shows a relatively smooth meshing stiffness curve compared with Figure 6 . Because compared with the finite element method, the results by potential energy method is more accurate. From the comparison, we can find that there is only a little difference between the two methods in meshing stiffness value, so it can be recognized that the meshing stiffness obtained by the potential energy method is reliable.
Research of Pitting Gear Vibration Response
In this section, we use the lumped parameter method to analyze the vibration response of pitting gear meshing stiffness in different degrees, assuming that there is no error in gear meshing, and the mass and inertia of the shaft are concentrated on the gear without considering the friction between the gears and the resonance of the gearbox. In order to analyze the influence of meshing stiffness of gear with pitting fault on vibration response, a 6-DOF gear system dynamics model is established, as shown in Figure 7 .
where m is the mass of gear, J is the moment of inertia, K p is the bearing support stiffness, C p is the damping coefficients, T is the gears torque, α is pressure angle, θ is angular displacements in the x and y directions of gears, and the subscripts 1 and 2 indicate the driving and driven gear. The time-varying meshing force F m of the gear system can be expressed as
where c m is the meshing damping of gears, k m ðtÞ is the timevarying meshing stiffness, and δ is the relative displacement of gears along the meshing line, which can be expressed as
where eðtÞ is the transmission error for the gear. f ðδÞ is a nonlinear function of gap, which can be expressed as
where b is the gear backlash. The dynamic model parameters of gear system are shown in Table 3 . According to Table 3 and the previously calculated meshing stiffness, we use the Runge-Kutta iteration to solve the gear dynamic equation and analyze the vibration response of pitting fault in different degrees, the results are shown in Figure 8 . From Figure 8 (a), it can be seen that the vibration amplitude of healthy gears is relatively stable. When pitting occurs on the tooth surface of gears and the pitting area become larger and larger, the vibration amplitude will be increased and the amplitude will be unstable. From Figure 8(b) , it can be seen that the meshing frequency f m is the dominant response in healthy gears and there are 2f m , 3f m , and 4f m . When pitting occurs on the tooth surface of the gear, a small spurious frequency is generated near f m and 2f m , and the spurious frequency increases with the pitting degree increasing. The position of 3f m and 4f m approached the high-frequency position with the increase of pitting area. From Figure 8 (c), it can be seen that the track of phase diagram of a healthy gear is regular. When the pitting occurs on the tooth surface, the track of phase diagram becomes wider with the increase of pitting area, and the cross track occurs when pitting degree is in Degrees 2 and 3, which Degrees 2 and 3 is moderate and severe degree, respectively. From Figure 8(d) , it can be seen that all discrete points of the healthy gear system in Poincare diagram gather in one International Journal of Rotating Machinery region, and the discrete points become larger when the pitting fault occurs.
Conclusions
In this paper, we could find that the larger the pitting area of the gear, the lower the meshing stiffness of the gear. As the gear rotates, the meshing stiffness decreases obviously when the pitting area enters the meshing area. The closer the meshing area of the driving gear is to the pitch line, the more the meshing stiffness decreases. The meshing stiffness calculated by finite element method is close to that calculated by potential energy method. Under healthy conditions, the average meshing stiffness of single-tooth-pair meshing duration calculated by potential energy method is 2:7 × 10 8 N/m -1 and that of double-tooth-pair is 5:56 × 10 8 N/m -1 . The average meshing stiffness of single-tooth-pair calculated by finite element method is 2:84 × 10 8 N/m -1 and that of doubletooth-pair is 5:71 × 10 8 N/m -1 ; the average difference of meshing stiffness of single-tooth-pair is 4.9% and that of double-tooth-pair is 2.6%. Compared with ISO standard, potential energy method is more accurate.
Through the dynamic analysis of pitting gear, it can be seen that when the gear teeth with pitting is meshing, the vibration impact is caused by the reduction of meshing stiffness of the gear. With the increase of pitting area, the meshing stiffness decreases, the vibration amplitude increases, the clutter frequency increases gradually in frequency domain, the trajectory width increases gradually in the phase diagram and the intersection trajectory occurs, and the scattered point aggregation area in Poincare diagram increases gradually. The research results of this paper lay a foundation for further fault diagnosis.
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